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Abstract 
We introduce the notion of primitive pseudo-manifolds and prove that all pseudo-manifolds 
(without boundary) are built out of the primitive ones by a canonical procedure. This theory is 
used to explicitly determine and count all the pseudo-manifolds of dimension d>~ 1 on at most 
d + 4 vertices. As a consequence, it turns out that their geometric realisations are either spheres 
or iterated suspensions of the real projective plane. (~) 1998 Elsevier Science B.V. All rights 
reserved 
AMS classification: 57Q15; 57M15 
1. General theory 
Recall that a simplicial complex is a set of non-empty finite sets such that every 
non-empty subset of  an element is also an element. For i/> 0, the elements of size 
i + 1 are called the/-dimensional simplexes (in short,/-simplexes) of the complex. For 
i = 0, 1,2, 3, the/-simplexes are also called the vertices, edges, triangles and tetrahedra 
of the complex, respectively. For a simplicial complex X, the maximum of k such that 
X has a k-simplex is called the dimension of X. A graph is a simplicial complex of  
dimension ~< 1. V(X) will denote the set of  vertices of  a simplicial complex X; note 
that all the simplexes of X are subsets of V(X). If  Vl is a non-empty subset of  V(X) 
then the induced subcomplex of  X on V1 is the simplicial complex whose simplexes are 
those simplexes of  X which are contained in V1. If X1, X2 are two simplicial complexes, 
then a simplicial isomorphism from X1 to X2 is a bijection n : V(XI ) ~ V(Xz) such 
that for a C_ V(XI), a is a simplex of )(1 if and only if n(a) is a simplex of X 2. 
The complexes X1, )(2 are called (simplicially) isomorphic when such an isomorphism 
exists. In this paper, we shall identify two simplicial complexes if they are isomorphic. 
Thus, we are really talking of isomorphism classes of complexes. An isomorphism from 
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a simplicial complex X to itself is called an automorphism of X. The automorphisms 
of X form a group under composition. It is called the automorphism group of X, and 
is denoted by Aut(X). 
A simplicial complex X is called a pseudo-manifold (without boundary) if 
(i) all the maximal simplexes of X have the same dimension, say d, 
(ii) each (d -  1 )-dimensional simplex of X is contained in exactly two d-dimensional 
simplexes of X, and 
(iii) the graph A(X) is connected. 
Here A(X) is the graph whose vertices are the d-simplexes of X, two such vertices 
being adjacent in A(X) if and only if the corresponding d-simplexes intersect in a 
(d -  1 )-simplex. The number d in this definition is clearly the dimension of the pseudo- 
manifold. All pseudo-manifolds considered in this paper are without boundary, so we 
shall drop the qualification "without boundary". 
A simplicial Complex is usually thought of as a prescription for constructing a topo- 
logical space (called the geometric realization of X and denoted by IxI) by pasting 
together geometric simplexes. Formally, IxI is the subspace of [0, 1] v(x) consisting of 
the functions f :  V(X) ~ [0,1] such that the support {rE V(X): f (v)  ¢ 0} 
is a simplex of X and ~cv~x) f (v )= l .  If tr is a simplex then [tr[: = { fc iX l :  
~ c ~ f (v )= 1} is called the geometric arrier of a or the geometric simplex corre- 
sponding to tr. 
For any set V with #(V)=d + 2 (d>~0), let K be the simplicial complex whose 
simplexes are all the non-empty proper subsets of V. Then [K[ is homeomorphic to the 
d-dimensional sphere S a. This simplicial complex is called the standard -sphere and 
is denoted by sdd+2 . By convention, So is the only zero-dimensional pseudo-manifold. 
For any n/> 3, there is a unique one-dimensional pseudo-manifold on n vertices. It is 
denoted by Sn I and is called the n-gon (or n-cycle). Its geometric realisation is the 
circle S 1. Also, Kn will denote the one-dimensional simplicial complex on n vertices 
any two of whose vertices form an edge. K~ is called the complete graph of order n. 
For other graph theoretic terms used in this paper, see [2]. 
By a subdivision of a simplicial complex K we mean a simplicial complex K r 
together with a homeomorphism from [K'[ onto tK] which is simplexwise linear, i.e., 
maps the geometric arrier of each simplex of K ~ linearly into the geometric arrier 
of a simplex of K. 
Two simplicial complexes K and L are called combinatorially equivalent (denoted 
by K ~ L) if they have isomorphic subdivisions. Clearly, if K and L are combina- 
torially equivalent then [K[ and ILl are homeomorphic. In fact, in this case, [K] is 
PL-homeomorphic to ILl and, conversely, if ]K[ and ILl are PL-homeomorphic with 
their induced PL-structure then K ~ L (see [6]). 
A simplicial complex X is called a combinatorial d-sphere if it is combinatorially 
equivalent to the standard -sphere. 
If t~ is a simplex of the simplicial complex X, then the link of t7 in X (denoted by 
Lkx(tT)) is by definition the simplicial complex whose simplexes are the simplexes z
of X such that z is disjoint from t7 and t7 U z is a simplex of X. 
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A d-dimensional simplicial complex X is called a combinatorial d-manifold if the 
link of each /-simplex is a combinatorial (d - i - 1 )-sphere for 0 ~< i < d. 
Clearly, a combinatorial d-sphere is a combinatorial d-manifold and therefore by an 
inductive argument one sees that a simplicial complex X is a combinatorial d-manifold 
if and only if the link of each vertex is a combinatorial (d - 1 )-sphere. 
One can check that if K is a combinatorial manifold and IKI is connected then K is 
a pseudo-manifold. We also know [6] that, for a simplicial complex X, IXI with the 
induced piecewise linear structure is a PL-manifold if and only if X is a combinatorial 
manifold. 
It is trivial that for the existence of a d-dimensional pseudo-manifold on n vertices, 
we must have n>~d + 2. This motivates the following: 
Definition 1. The excess e(X)  of a d-dimensional pseudo-manifold X on n vertices is 
the non-negative number e(X)  = n - d - 2. 
One object of this paper is to completely determine all pseudo-manifolds of excess 
e ~< 2. We have reason to believe that no comparably complete classification is possible 
for excess 3 or more. (In fact, the theory of Gale diagram (see Section 5.4 of [5]) 
yields a vague correspondence between the class of combinatorial S2's and the class 
of (simplicial) polytopal spheres of excess 3. Thus, it is reasonable to suspect hat the 
problem of classifying combinatorial spheres of excess 3 is at least as difficult as the 
impossible (?) problem of classifying combinatorial S2's.) The cases of excess 0 or 1 
are quite trivial. Section 2 of this paper is essentially about excess 2. 
Let Xi, X2 be two simplicial complexes with disjoint vertex sets. (Since we identify 
isomorphic omplexes, this is no real restriction on Xi, Xz.) Then their join X1 *X2 is the 
simplicial complex whose simplexes are those of Xt and of X2, and the (disjoint) unions 
of simplexes of X1 with simplexes of X2. Clearly, if XI, X2 are pseudo-manifolds, then 
so is their join. It is easy to see that if X1 and X2 are combinatorial spheres then their 
join X1 *X2 is a combinatorial sphere. Conversely, if X1 *X2 is a combinatorial manifold 
then X1 and X2 are combinatorial spheres. The operation of join is commutative and as- 
sociative. If  X1 . . . . .  Xk are finitely many pseudo-manifolds, then we may unambiguously 
form their join Xt * . . .  * Xk. Clearly, for the excess of a join, we have the formula 
k 
e(X1 * . . . *Xk)=k-  l+~--~e(X/ )  . (1) 
i= l  
Definition 2. A pseudo-manifold X will be called irreducible if e(X)  > 0 and X 
cannot be written in the form X = Y ,  Z where Y, Z are pseudo-manifolds with 
e(Y)  = O. X will be called completely reducible if it is the join of one or more pseudo- 
manifolds, each of excess 0. 
Definition 3. Let X be a pseudo-manifold with vertex set V(X).  We define a binary 
relation ~ on V(X) as follows. For x, y E F(X), x ~ y if and only if either x =y  
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or the transposition which interchanges x and y (and fixes every other vertex) is an 
automorphism of X. Clearly, ~ is an equivalence relation. For any x E V(X),  £ will 
denote the ~ equivalence class containing x. 
Definition 4. A pseudo-manifold will be called primitive if for any two vertices x, y, 
x ~ y ==~ x = y, i.e., if all the ~ equivalence classes of vertices are singletons. 
Definition 5. I fX  is an irreducible pseudo-manifold then X/~ will denote the simplicial 
complex whose vertices are the H-equivalence classes of vertices of X, where a set of 
vertices of X/~ forms a simplex of X/~ if and only if the union of the corresponding 
,-~-equivalence lasses is a simplex of X. Note that, by Corollary 1 below, each class 
is indeed a vertex of the simplicial complex X/~. 
Lemma 1. For two distinct vertices x and y o f  a pseudo-manifold X , we have x ~ y 
if  and only i f  every maximal simplex of  X contains at least one of  the two vertices 
x and y. 
Proof. Suppose each maximal simplex contains x or y. Let f be a maximal simplex. 
If f contains both or neither of x, y then it is fixed by the transposition (x,y).  If 
x E f and y ~ f then let j7 be the maximal simplex other than f containing f \ {x}. 
By, our assumption, y E ]'. So, jT_D(U \ {x})U {y}. Since both sides have the same 
size (= d + 1 ), we have equality here. That is, the image of f under (x, y) equals the 
maximal simplex ]'. Thus the transposition sends each maximal simplex to a maximal 
simplex; hence it is an automorphism of X. So, x ~ y. 
Conversely, let x ~ y, i.e., (x, y) is an automorphism of X. Let C denote the set 
of all maximal simplexes of X which contains either x or y, and let C ~ denote the 
complementary set of maximal simplexes. Note that all the neighbours in the graph 
A(X)  (cf. definition of pseudo-manifold) of an element f E C are again in C. (This is 
trivial if f contains both x and y. If, say x E f and y ~ f ,  t!len the only neighbour of 
f which does not contain x is the image )7 of f under the transposition (x, y) and ] '  
contains y, so )7 E C.) Thus, no element of C is adjacent in A(X)  to any element of 
C/. Since C is clearly nonempty, connectedness of A(X)  implies that C ~ is empty. So, 
C contains all the maximal simplexes of X. That is, each maximal simplex contains x 
or y. [] 
Lemmn 2. A pseudo-maniJold X admits a decomposition X = Y * Z with Y a standard 
sphere if  and only i f  V(Y)  is a ,,~ equivalence class which is" not a simplex in X. 
Moreover, in this case Z is a pseudo-maniJold. 
In particular, we get: 
Corollary 1. A pseudo-manifold & irreducible if and only i f  all its ~ equivalence 
classes are simplexes. In consequence, all primitive pseudo-manifolds are irreducible. 
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Proof of Lemma 2. First note that if C is a ~ class and tr is a maximal simplex of  
X then C \ tr is either singleton or empty: if x ~ y were vertices in C \ tr then x ~ y 
but tr contains neither x nor y, contradicting Lemma 1. Thus, either C C_ tr or a misses 
only one vertex of  C. In the first case, C is a simplex of  X. 
Suppose that some class C is not a simplex of  X. Then for any maximal simplex ~, 
C n tr = C \ {x0} for some x0 E C. Now Lemma 1 implies that for each x E C, C \ {x} 
is a simplex so that the induced subcomplex on C is a pseudo-manifold Y isomorphic 
to a standard sphere. (The simplexes of  Y are the simplexes of X contained in C.) 
Letting Z denote the complex whose simplexes are the simplexes of X disjoint from C, 
we find that all maximal simplexes of  Z contain (d + 1 ) -  (#(C) -  1 ) vertices, so they 
are of  dimension d t =d-  #(C)+ 1, where d= dim X. Also, each maximal simplex 
of  Z is the intersection with the complement of C of  a maximal simplex of  X, and 
conversely all such intersections are maximal simplexes of  Z. Thus, X = Y • Z. Since 
X, Y are both pseudo-manifolds, this clearly implies that Z also is a pseudo-manifold. 
Conversely, suppose X = Y • Z where Y is a standard sphere. Then each maximal 
simplex of  X misses exactly one vertex of  Y so that any two vertices of Y are 
equivalent in X. Also, if y and z are any two vertices of  Y and Z, respectively, 
then take any maximal simplex a of  X. Replacing tr by the other maximal simplex 
containing a \ {z} in case z E a, we may assume z ~ a. a misses a unique vertex y'  
of Y. Since y ~ y t, we may assume y = y ~. (Otherwise replace tr by its image under 
the transposition (y, yP).) Thus, tr misses both y and z, so that y ~ z. Thus, the vertex 
set of  Y is a ~ class of  X which is not a simplex in X. [] 
Lemma 3. Let X be an irreducible pseudo-manifold. Let U c_ V(X) consist of a single 
vertex from each ~ equivalence class. Put W = V(X) \ U. Then 
(i) W is a simplex of X and X/~ is canonically isomorphic to the link of W in X. 
(ii) A set A C__ V(X) is the complement of a maximal simplex in X if and only if 
no two elements of A are ~ equivalent and the set of ~ equivalence classes 
{£ :xEA} is the complement of a maximal simplex in X/~. 
(iii) X/~ is a primitive pseudo-manifold with e(X/~)=e(X) .  
Proof. By Corollary 1, each ~ class of  X is a simplex, and by Lemma 1, each 
maximal simplex misses at most one vertex of  this class. Consider a maximal simplex 
tr in X. Replacing tr by its image under a suitable automorphism (a product of disjoint 
transpositions) we may assume that for each x E U, either £ C_ tr or x is the only vertex 
of  £ missing from tr. Then, W C_ tr and hence W is a simplex in X. 
For any nonempty subset ~ of U, put ~= {£: x E ~}. Since U{£: x E ~} C_ W U c~ 
it follows that whenever ~ is a simplex of  Lkx(W), ~ is a simplex of X/,--. In the 
converse direction, note that every nonempty subset of V(X/~) can be written as 
for a uniquely determined nonempty subset ~ of U. If ~ is a simplex of X/,., then let 
f be the union of  the ~ classes belonging to o7. Then f is a simplex of  X and hence 
it is contained in a maximal simplex g of  X. Again, replacing 9 by its image under a 
suitable automorphism if necessary, we may assume that W U 7 c_ g and hence W U ~ is 
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a simplex of  X. Therefore, ~ is a simplex in Lkx(W) whenever ~ is a simplex of X/~. 
Thus e ~ ~ is a simplicial isomorphism between Lkx(W) and X/~. So, to conclude 
X/~ is a pseudo-manifold, it suffices to show that A(X/~) is connected. 
For any maximal simplex a of X, let 6 denote the set of  classes contained in o. 
The function a ~ 6 maps the set of maximal simplexes of X onto the set of maximal 
simplexes of X/~. Further, if al,o2 are adjacent in A(X) (i.e., meet in a (d -  1)- 
simplex, where d is the dimension of  X)  then al and a2 are either equal or adjacent 
in A(X/~). Hence connectedness of A(X/~) follows from that of A(X). This completes 
the proof of (i). 
We have already said that the complement of  a maximal simplex contains at most 
one element of  every ~ class. We can restrict ourselves to the case where A C_ U, 
because of the equivalence by automorphism of the different vertices in a class. In 
this case, V(X) \ A is a maximal simplex in X ~ U \ A is a maximal simplex in 
Lkx(W) ~=~ {£:xE U \A} is a maximal simplex in X/~. This proves (ii). 
Let e =e(X)  be the excess of  X and let m be the number of ~ classes. Let 0 be 
a maximal simplex in X. Since 0 misses e + 1 vertices altogether and at most one 
vertex from each of the m classes, it follows that a contains exactly m-  e -  1 classes 
and these m-  e -  1 classes constitute a maximal simplex of X/~. Since the union of 
the classes in any simplex of  X/~ is contained in some maximal simplex cr of  X and 
we have just seen that any maximal simplex 0 contains exactly m-  e -  1 classes, it 
follows that any simple of  X/~ has ~< m - e - 1 vertices, with equality if and only if the 
simplex is maximal in X/~. Thus all the maximal simplexes of X/~ have dimension 
d ' ,  where d '= m - e - 2, and all such maximal simplexes occur as the set of classes 
contained in some maximal simplex of X. This proves that e(X/~)= e(X). 
Let the classes Ci, C2 be equivalent vertices of X/~. Take vertices x, y of  X with 
x E Cl,y E C2. Let a be any maximal simplex of  X. Then the maximal simplex 6 
of X/~ contains either C1 or C2. That is, Ct C_ o or C2 Ca .  Hence xE a or yea .  
Since this holds for all maximal simplexes 0 of  X, by Lemma 1 we have x ~ y. 
Since x E Cl, y E C2, and CI, C2 are ~ classes, it follows that Cl = C2. Thus X/~ is 
primitive. This proves (iii). [] 
Definition 6. Let X be a pseudo-manifold with vertex set V(X). Let ~ denote the 
set of  strictly positive integers. Two functions ji,J2 from V(X) into N will be called 
equivalent, and we shall write j] -~ J½, if there is an automorphism ~0 of X such that 
j~ = J] o ~0. Clearly ~- is an equivalence relation. We define a pattern on X to be a -~ 
class of  functions from V(X) into ~. I f  f :  V(X) -~ ~, the pattern containing f will 
be denoted by [ f ] .  
Definition 7. Let X be a pseudo-manifold and let p be a pattern on X. Then we define 
the simplicial complex (X, p) as follows. Say p= [ f ]  and V = V(X). Take pairwise 
disjoint sets Vx, x E V, where Vx contains exactly f(x) elements. The vertex set of 
(X,p) is W: = Ux~ v Vx. For any maximal simplex a of  X, let G, be the set of all 
functions g: V\a -~ W such that g(x)E V~ for all x E V\~.  For each maximal simplex 
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a of X, and for each g E G~, (a,9) : = W \ g(V \ a) is a maximal simplex of (X,p), 
and these are all the maximal simplexes of (X, p). The remaining simplexes of (X, p) 
are, of course, the non-empty subsets of these maximal simplexes. 
Clearly, up to isomorphism, (X, p), thus defined, depends only on the pattern p and 
not on the choice of the function f E p. 
Lemma 4. I f  X is an irreducible pseudo-manifold of excess e and p is a pattern on 
X, then Y = <X, p) is an irreducible pseudo-manifold of excess e. lj~ further, X is 
primitive then X = Y/~. Conversely, if Y is an irreducible pseudo-manifold of excess 
e, then Y = <X, p) for a uniquely determined primitive pseudo-manifold X of excess 
e and a uniquely determined pattern p on X. 
Proof. First suppose that X is an irreducible pseudo-manifold of excess e and p = [f] 
is a pattern on X. Put V(X) = V, and let W = UxE v Vx be the vertex set of Y = (X, p), 
as in Definition 7. Let m be the number of vertices of Y. Clearly, each maximal simplex 
of Y misses exactly e + 1 vertices, hence has dimension d '  where d '= m -e -2 .  Take 
any maximal simplex 6 of Y. Then 6 = (a,g) for a maximal simplex a of X and a 
function g E G~, as in Definition 7. Fix any vertex y E 6. Then y E Vx for a uniquely 
determined vertex x of X. Define the maximal simplex a '  of X and the function 
g'  : V \ o '  --~ W in G,, as follows. If  xEa  then a '  is the maximal simplex of X, 
other then or, containing a \ {x}; i fx~a then a~=a.  In either case, g ' (x )=y and 
g' (z)=g(z)  for zE V \a ' ,  z #x .  Then ~, given by ~= (a ' ,g ' ) ,  is a maximal simplex 
of Y, other than 6, containing the (d '  - 1)-simplex ff \ {y}. Thus, each (d '  - 1)- 
simplex of Y is contained in two d'-simplexes, viz. ~ and 6. A moment's thought 
should convince one that these are the only maximal simplexes of Y containing the 
given (d '  - 1 )-simplex ~ \ {y}. Thus, to complete the verification that Y is a pseuo- 
manifold of excess e, it suffices to show that the graph A(Y)  is connected. To prove 
the connectedness of A(Y), we first establish 
Claim 1. I f  a, ~1 are adjacent vertices of A(X) and g E G~, then there is an h E G, 
such that (a,g) and (~l,h) are adjacent vertices of A(Y); and 
Claim 2. I f  q is a vertex of A(X) and hi,h2 E G, then there is a path in A(Y)  joining 
to <,.h2>. 
Indeed, if a, q, g are as in Claim 1, define hE G, as follows. If xE V \ r/ is the 
unique vertex of a \ q, define h(x) to be any element of Vx. For any other vertex x in 
V \ q, put h(x) = g(x). Then clearly (a,9) and (~/,h) are adjacent in A(y). This proves 
Claim 1. 
For any vertex q of A(X), and for h,h 'EG, ,  put d(h ,h ' )=#{xE V \ q : h(x) # 
h'(x)}. Let F, be the graph with vertex set G, in which h,h' are adjacent if and 
only if d(h,h ~) = 1. Clearly h H (q,h) defines an isomorphism between F~ and the 
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induced subgraph of A(Y) on the vertices (q,h), h E G~. Therefore, to prove Claim 2, 
it suffices to show that F,  is connected. But, given any two distinct vertices hl,h2 of 
F, ,  clearly there is an h3 such that d(hl,h3)= 1 and d(hl,hz)=d(hl,h3)+ d(h3,h2). 
Therefore, one sees by an induction on d(hl,h2) that there is a path in F~ joining hj 
and h2. This proves Claim 2. 
Now, given any two vertices (a,g),(q,h) of A(Y), by Claim 1 one can lift any 
path in A(X) between a and q to a path in A(Y) joining (a,g) and (q,h') for some 
h'  E G, l, and then by Claim 2 there is a path in A(Y) joining (q,h') and (q,h). This 
proves connectedness of A(Y), so that Y is indeed a pseudo-manifold of excess e. 
From the construction of Y = (X, p) it is clear that for each x E V, any two vertices in 
Vx are equivalent in Y. I f  the vertices x, y of X are inequivalent then there is a maximal 
simplex a of X containing neither x nor y. In this case, for any u E Vx, v E Vv, take 
a g E G~ such that g(x)=u, g(y)=v. Then the maximal simplex (6,g) of Y contains 
neither u nor v, so that u E Vx, v E V~, are inequivalent vertices of Y whenever x, y are 
inequivalent vertices of X. In particular, when X is primitive, the vertex classes of 
Y are precisely the sets Vx, x E V. For any x E V, choose a maximal simplex a of 
X containing x. Then V~ is contained in the maximal simplex (a, g) for any g E Go, 
whence each Vx is a simplex of Y, Therefore, Corollary 1 implies that Y must be 
irreducible. 
I f  X is primitive then the bijection x ~-~ Vx is a simplicial isomorphism between X 
and y/H, since for any maximal simplex a of X and for any gE V~, {Vz: xEa}  is 
precisely the set of classes of Y contained in the maximal simplex (a,g) of Y. Thus 
X= Y/~. 
For the converse, let Y be an irreducible pseudo-manifold of excess e. Put X = Y/~ 
and let V denote the vertex set of X. For any x E V, let Vx be the set of vertices of 
Y belonging to the class corresponding to x. Then the vertex set of Y is the disjoint 
union of V~, x E V. 
Define f :  V ~ N by f(x)=#(Vx) and let p=[ f ]  be the corresponding pattem 
on X. Let ff be any maximal simplex of Y. Then, by definition of X -- Y/~, the set 
cr of all x E V for which V~ c_ 6 forms a maximal simplex of X. Also, the proof of 
Lemma 3 show that for each x ~ or, ff misses a unique vertex, say go(x), in the class 
Vx. Then go E G, and 6 = (or, g0). Conversely, if a is any maximal simplex of X, then 
by definition there is a maximal simplex 6 and a g0 E G~ such that 5 = (a, g0) is a 
maximal simplex of Y. Repeated application of the exchange priniciple now shows that 
for all g E G,, (6, g) is a maximal simplex of Y. Thus the maximal simplexes of Y are 
precisely the sets (a, g) where a is a maximal simplex of X and g E G,. Therefore we 
have Y = (X, p). 
I f  Y = (X, p) and X is primitive, then by the first part of this lemma, X is determined 
as Y/~. Therefore, to prove the uniquenss statements, it suffices to show that if p~, P2 
are two patterns on a primitive pseudo-manifold X such that (X, px)= (X, p2) then 
Pl = P2. (Recall that for us equality of pseudo-manifolds means equality upto simplicial 
isomorphism.) We have a simplicial isomorphism ~o: (X, pl) ---+ (X, p2). It induces a 
map ~ from the set of classes of (X, Pl) onto the set of classes of (X, p2). Identifying, 
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as above, these two sets with the vertex set of X, ~b becomes a map from V(X) onto 
itself. Since the maximal simplexes of X are canonically described in terms of those 
of (X, pi) for each i, and since ~0 is also simplicial, ff is a simplicial automorphism of 
X. If  pi = [f ] ,  i = 1,2, then we have J~ = Ji o ~b, whence J] _~ J~, i.e., pl = p2. [] 
Definition 8. I f  p = [ f ]  is a pattern on an irreducible pseudo-manifold X, then the 
width of the pattern p is the number w(p) :  = ~-~x~ v(x)(f(x) - 1)~>0. 
Clearly, there is a unique pattern p0 of width 0, and for this pattern we have 
(x, p0) =x.  
Lemma 5. I f  X & an irreducible pseudo-maniJbld and p & a pattern on X with 
w(p) > 1 then there is a pattern pj (with 0 < w(pl)  < w(p)) on X and a pattern 
P2 on (X, Pl } such that (X, p} = ((X, Pl), Pc} and w( p ) = w( pl ) + w(p2). 
Proof. Let p = [f] .  Since w(p) > 1, there is an xo E V(X) such that f(xo) > 1. Define 
fl : V(X) ---, ~ by f l (x ) :=f (x )  for x # x0 and f l (xo):=f(xo)  - 1. Put pl =[Jq].  
Let the vertex set of (X, Pl) be the disjoint union W = Yx~ v(x) vx, as in Definition 7. 
Fix an u0E Vxo. Define J~: W ~ N by J~(u)= 1 i fu  ¢ u0,J~(u0)=2. Put p2 =[J½]. 
Then clearly pl,  P2 satisfy the requirements of the lemma. [] 
Recall that if M is a topological space then the suspension of M, denoted S(M), 
is the space obtained from the product space M x [0, 1] by identifying the points of 
M x {0} as well as the points o fM x {1}. For k= 1,2 ... . .  we shall denote the k-fold 
iterated suspension of M by Sk(M), i.e., sk+l (M)= S(Sk(M)), and S°(M)= M. Note 
that if X is a pseudo-manifold then the geometric realization of X .  $2 ° is the suspension 
of IXl. 
Lemma 6. Let X be an irreducible pseudo-manifold and let p be a pattern on X. 
Then (X, p} is combinatorially equivalent to X .S  where S is the join of w(p) copies 
orS °. In consequence, the geometric realization of {X, p} is homeomorphic to Sk([X I) 
where k = w(p). 
For the proof of Lemma 6, we shall need: 
Definition 9. Let X be a simplicial complex and let cr be a simplex of X. Take a 
symbol z~ outside F(X). For any simplex z D tr of  X, and any vertex x E a, define 
zx--(z \ {x})U {oQ}. Consider the simplicial complex Y whose maximal simplexes 
are the maximal simplexes of X not containing a and the sets zx as z ranges over the 
maximal simplexes of X containing a and x ranges over the vertices of a. Y is called 
the complex obtained from X by starring a vertex in tr. 
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Clearly, if Y is a complex obtained from X by starring a vertex in a simplex and 
X is a pseudo-manifold then so is Y. Also, Y is a subdivision of X as defined earlier, 
so that [Y[ and IX I are homeomorphic. 
Proof  of Lemma 6. In view of Lemma 5, it is enough to prove the case w(p)-- 1, 
then the general result follows by a simple induction on w(p). So assume p= [ f ]  has 
width 1. Then there is a unique vertex u of X such that (in the notation of Definition 
7) Fu is a doubleton: Fu={ul ,u2} and Vx is a singleton, say (w.l.g.) Vx={X} for 
x ~: u. Let Z be the pseudo-manifold obtained from Y = (X, p) by starring a vertex c~ 
in the edge {ul, u2 }. Then the induced subcomplex of Z on the complement of {ul, Ue} 
is isomorphic to X via the isomorphism v ~-~ v for v # u, u ~-~ oc, and Z is the join 
of this copy of X with the copy of S ° on the vertex set {ul,u2}. Thus Z =X ,S  o and 
Z ~ Y = (X, p), whence (X, p) ,~ X • S °. [] 
Recall that a polytope P C_ ~a+t is by definition the convex hull of a finite set of 
points. A non-empty intersection of P with a supporting hyperplane is called a face of 
P. The zero dimensional faces of P are called its vertices. Then P is the convex hull 
of  its set of vertices. P is called a simplicial polytope if its proper faces (i.e., faces 
other than P itself) are geometric simplexes. In the following, we identify each face 
F of P with the set of vertices of P belonging to F. 
Definition 10. I fP  is a simplicial polytope then its boundary complex ~(P)  is defined 
to be the simplicial complex whose simplexes are the proper faces of P. Equivalently, 
a set F is a simplex of ,~-(P) if and only if F is a proper non-empty subset of the 
set of vertices of P such that the affine hull of  F is disjoint from the convex hull of  
the complementary set of vertices of P. A simplicial complex X is called polytopal if 
it is isomorphic to 5 (P )  for some simplicial polytope P. 
A d-dimensional polytopal simplicial complex is automatically a combinatorial d- 
sphere. This is easily seen by an induction on excess in view of the following obser- 
vation. Given any d-dimensional polytopal simplicial complex P on n > d + 2 vertices, 
there is a d-dimensional polytopal simplicial complex Q on n - 1 vertices such that 
Q ~ P. By a polytopal sphere we shall mean a polytopal simplicial complex. 
Corollary 2. Let X, p be as in Lemma 6. Then 
(a) X is a combinatorial sphere if and only if (X, p) is a combinator&l sphere. 
(b) X is a polytopal sphere if and only if (X, p) is a polytopal sphere. 
(c) (X, p) is a non-sphere combinatorial manifoM if and only if w(p) = 0 and X is 
a non-sphere combinatorial maniJold. 
Remark 1. Part (c) of the corollary shows that any non-sphere combinatorial man- 
ifold X is necessarily primitive. Actually, the proof of part (c) shows that even if 
X is a combinatorial manifold with IX[ homeomorphic to a sphere but X is not a 
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combinatorial sphere (such an object may possibly exist in dimension d = 4) then X 
must be primitive. 
Proof  of Corollary 2. Because of Lemma 5, it is enough to prove this corollary in 
the case w(p)= 1, the general case then follows by induction on w(p). So assume 
w(p) = 1. As before, the vertex set of Y = (X, p) is U{ Vx :x E V(X)} where E, = {x} 
if x ~ x0 and Vx = {xo,xl } if x=xo, where x0 is a distinguished vertex in X. Then 
X is isomorphic to the link of Xl in Y (via the isomorphism x H x for x E V(X)). 
Therefore, if Y is a combinatorial sphere (respectively, polytopal sphere) then X is a 
combinatorial sphere (polytopai sphere). This proves the ' i f  part of (a) and (b). The 
' if '  part of (c) is trivial. 
For w(p) = 1, the proof of Lemma 6 shows that Y = (X, p) is equivalent o X • S °. 
But i fX  is a combinatorial sphere then so is X,S  ° and hence so is any pseudo-manifold 
equivalent o X • S °. This proves the 'only if '  part of (a). 
Let X be a polytopal sphere and let X be realised as the boundary of the polytope 
with vertex set A in ~d+l. Let p= [ f ]  and w(p)= I. I f  x0 is the vertex in A with 
f(xo) = 2 then (X, p) can be realised as the boundary of the polytope having vertex 
set B := {(x, 0) : x0 ¢ x E A } U {(x0, 1 ), (x0, - 1 )} in ~d+2. This proves the 'only if' part 
of (b). 
I f  (X, p) is a non sphere combinatorial manifold and w(p) > 0, then X (being the 
link of a simplex in a combinatorial manifold) is a combinatorial sphere, and hence 
(by the above) so is (X, p), a contradiction. This proves the 'only if' part of (c). [] 
We summarise our findings in the following theorem. 
Theorem 1. (a) Every pseudo-manifold X is either completely reducible or can be 
written uniquely as X = Y * Z where Y is irreducible and Z is completely reducible. 
The excesses of X and Y are related by e (X) -  e(Y)= 1 where l is the number 
of standard spheres in the join decomposition of Z. 
(b) Every irreducible pseudo-manifold Y can be written uniquely as Y = (Yo, p) 
where Yo is a primitive pseudo-manifold with e(Yo)=e(Y) and p is a pattern on Yo. 
The 9eometric realization of Y is an iterated suspension of that of Yo. 
(c) With Y, Yo as in part (b), Y is a polytopal sphere if and only if Yo is one; Y is a 
combinatorial sphere if and only if Yo is one; Y is a non-sphere combinatorial manifold 
if and only if Y= Yo (i.e., Y is primitive) and Yo is a non-sphere combinatorial 
manifold 
Proof. (a) The existence of such a decomposition is a simple matter of induction on 
dimension. For uniqueness, notice that, by the proof of Lemma 3, the vertex set of 
Y must be the union of all the ~ classes which are simplexes, and that of Z is the 
complementary set of vertices. The formula for e(X) -  e(Y) is immediate from the 
formula (1). Parts (b) and (c) are contained in the previous lemmas. [] 
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Remark 2. The above theorem shows that in order to classify all pseudo-manifolds 
(of a given excess e) it suffices to classify all primitive pseudo-manifolds (of excess 
e). The next section completes this classification for e ~<2. 
Remark 3. By a result of Mani [ 11 ], for all d ~> 3 and e >~ 3 there is a non-polytopal 
combinatorial d-sphere of excess e. This is immediate from Theorem l once one 
knows that there is a non-polytopal combinatorial 3-sphere of excess 3 (for instance 
the Briickner-Griinbaum sphere S 3, see [1]). Since by starring a vertex in a maximal 
simplex in a non-polytopal combinatorial sphere one obtains a non-polytopal sphere 
of the same dimension with excess increased by one, this shows that for each e>~3 
there is a non-polytopal 3-sphere Y of excess e. To get a non-polytopal d-sphere X 
of excess e for each d~>3, just take X=(Y,p)  with patterns p of arbitrary width 
on Y. This argument actually shows that there are primitive non-polytopal 3-spheres 
of excess e for all e~>3. The really interesting question is: are there primitive non- 
polytopal d-spheres of excess e for all d ~> 3 and all e ~> 3? (Almost certainly the answer 
is 'yes'.) 
Remark 4. In terms of the terminology developed here, the famous diameter conjecture 
of W. M. Hirsch (cf. [8]) may be stated as: for any polytopal combinatorial sphere 
X, the diameter of the graph A(X) is at most e(X)+ 1. Notice that if X = (Y, p) then 
the argument in the proof of Lemma 3 shows that the diameter of A(X) is at most 
(actually equal to) that of A(Y). Therefore, it suffices to prove the Hirsch conjecture 
for primitive polytopal spheres. 
2. Smal l  excess 
Note that a pseudo-manifold is primitive if and only if given any two distinct vertices, 
there is a maximal simplex which misses both. If  the excess is 0 then no maximal 
simplex can miss more than one vertex, so a pseudo-manifold of excess 0 cannot 
be primitive. If the excess is one, primitivity would imply that all subsets of size 
d + 1 of the set of d + 3 vertices are maximal simplexes, and this would contradict 
the condition (ii) in the definition of a pseudo-manifold. Hence, by Theorem l(a), 
all pseudo-manifolds of excess ~< 1 are completely reducible, i.e., joins of standard 
spheres. Looking at the formula (1) for the excess of a join, one then sees that the only 
pseudo-manifold of dimension d and excess 0 is the standard sphere (this is completely 
trivial, of course !) and the only pseudo-manifolds of dimension d and excess 1 are 
the [(d + 1)/2J combinatorial spheres S d' ,Sda2+2, where 0~<dl ~<(d - 1)/2 and d l+ d l+2 _~ 
dz=d-  1. 
Thus, the first non-trivial situations occur for excess 2. This is the class of pseudo- 
manifolds that we now proceed to classify. By Theorem 1, it suffices to classify prim- 
itive pseudo-manifolds of excess 2. We prove: 
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Theorem 2. The only primitive pseudo-manifolds of excess 2 are the following: 
(a) the six-vertex real projective plane ~,  and 
(b) for each odd dimension d >~ 1, the cyclic (polytopal) combinatorial sphere C J+ 4. 
Before going to the proof of Theorem 2, we first describe the objects that occur in 
this theorem. 
The six-vertex real projective plane: Recall from [10] that there is a unique six- 
vertex combinatorial manifold whose geometric realization is ~p2; it is usually denoted 
by ~P62. It is obtained by identifying opposite pairs of simplexes (vertices, edges and 
triangles) of the icosahedron. Its existence and uniqueness also follows from the proof 
of Theorem 2 below. Indeed, this proof yields the following description of ~t,2. Look 
at the graph which is the disjoint union of an isolated vertex and a pentagon (S~). 
Then ~at~62 is the pseudo-manifold whose vertices are the six vertices of the graph, 
its maximal simplexes consist of those triplets A for which there is a unique edge 
of the graph disjoint from A. We leave to the reader the verification that this indeed 
yields ~P62. From our description, a dihedral group D10 of order 10 is visible as an 
automorphism group of ~a°62. However, as is well known, the full automorphism group 
of ~p2 is the alternating roup Alt(5) of order 60. (This is because any of the six 
vertices can be chosen to play the role of the isolated vertex in the graph.) 
The cyclic combinatorial spheres: For any odd d>~l and n>>.d + 2, the n-vertex 
cyclic pseudo-manifold C a of dimension d is defined as follows. Its vertex set is the 
vertex set of the n-vertex circle S) (we may think of these as the vertices of the regular 
n-gon in []~2). A set of d + 1 vertices forms a (maximal) simplex of C f if and only 
if the induced subgraph of S) on these d ÷ 1 vertices has no connected component 
of odd size. It follows by an easy back-ward induction on k ~<d that a set of k + 1 
vertices forms a k-simplex of C f if and only if the induced subgraph of S) on this set 
has at most d -  k odd components. Hence it is not hard to verify directly that C a is a 
pseudo-manifold. (For d even and n>~d + 2, one usually defines C f to be the link of 
a vertex in cf+~ 1. It is rather unreasonable to call these complexes cyclic since their 
automorphism groups have order two for n >~d +4. In any case, we shall not need the 
pseudo-manifolds C f with d even.) 
Proposition 3. Let d >>. 1 be odd, say d = 2b + 1. Then, 
(i) Cff is a polytopal combinatorial sphere for all n>~d + 2. 
(ii) CI+2 ~---sd+2 and CI+3 =Sbb+2 * sb+2 . 
(iii) I f  n >>.d +4 then C a is primitive and its full automorphism group is the dihedral 
group D2n of order 2n. 
Proof. Take any simple closed curve 7 : [0, 1] ---+ ~d+l  such that no affine hyperplane 
in E d+l meets 7 in more than d+ 1 points. (For instance, 7(0 = ( t - t2,  t2 - t3  . . . . .  t d+l- 
td+2), 0~<t~< 1, has the desired property since Van-der-Monde's determinant formula 
implies that any d ÷ 2 of the points on this curve are affinely independent.) Choose 
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any n points vj :=7(t j ) ,  O<<.q < t2 < "'" < tn < 1, on this curve. Let P be the convex 
hull of these points. The assumption on 7 implies that P is a simplicial polytope. It 
is not difficult to see (e.g., see pp. 61-63 of [5]) that the boundary complex of P is 
(isomorphic to) C a. This proves part (i) of the proposition. 
Part (ii) is trivial. 
Now take n ~>d + 4. From our definition of C a, it is clear that the automorphism 
group Dzn of Sn t acts as an automorphism group of C a. It only remains to show that 
the copy of Sn I used in the definition of C a is uniquely determined by C a, so that 
each automorphism of C a induces an automorphism of Sn I . This is trivial if d = 1. If 
d/> 3, then it can be seen that all edges occur in C a (indeed, from the characterization 
of the simplexes of C a given before this proposition, all ((d - 1)/2)-simplexes occur 
in C a),  and the link of an edge of C a is C~a_~ 2 if and only if the edge is an edge of 
S, 1. Thus, C a and S, 1 determine ach other, and hence have the same automorphism 
group, viz., D2,. Since no element of Dzn acts as a transposition on V(S~ ), it follows 
that C~ a is primitive. This completes the proof. [] 
Remark 5. The usual practice is to first introduce the polytopes P (used in the proof 
of the above proposition) as the cyclic polytopes, and deduce the description of its 
boundary complex (our definition of C a )  as Gale's evenness criterion. We have re- 
versed the presentation here since our objects of study are abstract complexes rather 
than concrete polytopes. Moreover, from the above it is obvious that it is the abstract 
complex C f which is canonical and not the polytopes. We have departed from usual 
practice by taking the curve 7 (in the definition of P) to be closed - -  this simplifies 
the statement, as well as the proof, of the evenness criterion. 
Proof of Theorem 2. Let X be a d-dimensional primitive pseudo-manifold on d + 4 
vertices. Let V be the vertex set of X, and fix v0 ¢ V. Define a graph F = F(X)  on the 
vertex-set V \ {Vo} where two (distinct) vertices vl, v2 are adjacent if {v0, vt, v2} is the 
complement of a simplex of X. 
Claim. (a) F has no induced subyraph isomorphic to K3 or 2K2. 
(b) I f  x, y are two non-adjacent vertices o f f  then there is a vertex z o f f  which 
is adjacent to exactly one o f  x, y. 
(c) F has no isolated vertex. 
(d) F is connected. 
(K3 = S~ is the complete graph on three vertices. 2K2 is the graph on four vertices 
with two disjoint edges.) Indeed, if T was a set of three vertices of F on which F 
induced a/£3 then the (d - 1 )-simplex of X complementary to T U {v0} would be in 
three d-simplexes, contradicting our assumption that X is a pseudo-manifold. If F was 
a set of four vertices of F on which F induced a 2/£2 then the link of the (d - 2)- 
simplex complementary to F U {v0} would be a regular graph of degree two (since 
the link of a (d -  2)-simplex in a d dimensional pseudo-manifold is a one-dimensional 
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simplicial complex with the first two properties of  a pseudomanifold) on four or five 
vertices containing an induced subgraph 2K2. But the only such graphs are $4 I and S~ 
and neither contains an induced 2K2. This proves (a). 
To prove (b), let x, y be non-adjacent vertices of F. Since X is primitive, there is a 
d-simplex a disjoint from {x, y}. Since x, y are non-adjacent in F, v0 E a. Consider the 
(d - 1 )-simplex ( = a \ {vo} and let V \ a = {x, y,z}.  Then ~ is in a unique d-simplex 
a ~ other than 6. We have a ~ ¢ ~ U {z} since otherwise xy  would be an edge of F. 
So either a r = ~ U {x} or a ~ = ff U {y}. Interchanging x and y if necessary, we may 
assume that a ~ = ~ U {x}. Then z is a vertex of  F adjacent o y but not to x. This 
proves (b). 
If v was an isolated vertex o f / "  then v and v0 would be equivalent vertices of X, 
contradicting the primitivity of  X. This proves (c). 
(d) follows from (a) and (c). 
Notice that the cyclic graph Sn I has an induced subgraph 2K2 for n >~6. Therefore 
Claim (a) implies that F has no induced n-cyclc Sn 1 except possibly for n =4 and 
n = 5. In particular, either F has an induced pentagon $51 or else it has no induced 
odd cycle. In the latter case F is bipartite. (Recall that a graph is called bipartite if its 
vertex set can be partitioned into two parts each of which induces the null graph with 
no edges. We have used a well known and easy characterization f bipartite graphs by 
absence of odd cycles.) 
Thus we have two cases: (1) iv has an induced pentagon, and (2) F is bipartite. 
In the first case, let Vj, 1 ~<j ~< 5, be five vertices of  F inducing a pentagon. Say vj is 
adjacent o Vj+l, 1 ~<j <~ 5 (where/36 = /31 ) and there are no other adjacencies. We intend 
to show that F has no further vertices/3, so that F itself is the pentagon. To show this, 
assume, on the contrary, that there is a vertex v of  F outside the pentagon. Since F is 
connected, we can choose v to have a neighbour, say/31, inside the pentagon. Since the 
edge/3vl must not form a 2K2 together with the edge/)3/34, /3must also be joined to/33 
or v4. Without loss of generality, v is joined to vl and v3. Since there is no induced K3 
in F, v can not be joined to any % j ¢ 1, 3. We claim that the non-adjacent vertices 
/) and v2 have the same set of  neighbours. First take any neighbour w of v. We must 
show that w is a neighbour of v2 also. This is obvious if w is one of the vi's. So take 
w outside the pentagon. Since the edge vw cannot form a 2K2 with the edge /34v5, w 
must be joined to v 4 or /:5. Without loss of generality, w is joined to v4. Since the 
edge w/34 cannot form a 2K2 with the edge vl/32, w must be adjacent o /3! or v2. But 
w cannot be joined to vl since otherwise we would have the K3 vvlw in F. So w is 
a neighbour of/32. Thus N(/3)C_N(v2), where N(x)  denotes the set of  neighbours of 
x in F. Interchanging the role of/3 and v2 in the above argument, and looking at the 
induced pentagon /31/3/33/)4/35 in F, we get N(v2)C_N(/3). Thus N(v2)=N(v) .  But this 
contradicts Claim (b). So there is no vertex of F outside the pentagon. Thus F is the 
pentagon in this case. 
Now look at the case where F is bipartite. That is, we have the disjoint union 
V \ {/)o} = 121 U V2 where no two vertices in the same Vj, 1 ~<j~<2, are adjacent in 
F. By Claim (c), both V1 and 122 are non-empty. Say kj =#(Vj),  j=  1,2. As before, 
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we let N(x) denote the set of neighbours in F of a vertex x. Look at the family 
{N(x): xE V1}. By Claims (b) and (c) this is a family of kl distinct non-empty 
subsets of V2, and by Claim (a), this family is linearly ordered by inclusion (otherwise 
there would be an induced 2K2). Since we have a linearly ordered family of kl distinct 
non-empty subsets of the set V2 of size k2, we get kl ~<k2. By symmetry, k2 ~< kl, so 
that kl =k  =k2 for some k. Thus d+4=#(V)=2k+l ,  sothat d=2k-3  is odd in this 
case. Define a linear order < on V1 by x < y if N(x) c N(y), and let xl < ...  < xk 
be the vertices in V~. Define the inverse of the analogous ordering on V2 and let 
Yl < ""  < Yk be the vertices in /I2 in this order. From the definition of these two 
orders, we see that xi is adjacent o yj in F if and only ifj<~i (i, j= 1 ..... k). Thus 
the graph F is uniquely determined by d. 
To summarise, we have seen that for the existence of a primitive pseudo-manifold 
X of excess 2 and dimension d, we must have d = 2 or d odd, and the graph F(X) 
is uniquely determined by d. Since we have already seen one example of such a 
pseudo-manifold for each such d, it suffices to show that X is determined by F(X). 
From the definition of F it is clear that the maximal simplexes not containing the 
vertex v0 are uniquely determined by F(X). To determine the remaining simplexes in 
terms of F, notice that if vl, v2, v3 are three distinct vertices of F, then {vl, V2, V3} is 
the complement of a maximal simplex of X if and only if the induced subgraph of 
F on this triplet has a single edge. Indeed, if the complement of {Vl,Vz, V3} is a d- 
simplex o of X, then the complement z of {Vo, Vl,Vz,V3} is a (d -  1)-simplex, and the 
second d-simplex a '  # a containing z is the complement of {vo, vi, vj} for a uniquely 
determined edge vivj in {vl,v2,v3}. Conversely, if (say) vlv2 is the only edge of F 
in {vl,v2,v3} then the complement a of {Vo, Vl,V2} is a d-simplex o of X, and the 
d-simplex a '  # a containing the (d -  1)-simplex r complementary to {vo, vl,v2, v3} 
must be the complement of {vl,v2,v3}. [] 
Corollary 3. For n >~ 6, the n-vertex pseudo-manifolds of excess 2 consist of'. 
(a) irreducible non-spheres each having an (n - 6)-foM suspension of the real projec- 
tive plane as geometric realization; their number is the integral part of 





/f n --= 0 (rood 6) 
if n - 1 or 5 (mod 6) 
if n - 2 or 4(mod6) 
/f n -= 3 (mod 6) 
+ an " n -- bn, 
and bn= { 1 /f 30 In '  
0 otherwise; 
(b) completely reducible polytopal spheres; their number is the integral part of 
n(n - 6) 
- - + 1 ;  
12 
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(c) irreducible polytopal spheres; their number is the integer nearest to 
1 
2 LI"-3v2j - ln2  - 1 4- 4nn Z q)(r)2n/r" 
r 
Here q9 is Euler's totient function and the sum is over all the odd divisors r of n. 
Proof. By Theorems 1 and 2, the non-sphere n-vertex pseudo-manifolds of excess 2 
are in bijective correspondence with the patterns of width n - 6 on ~P62. So, to count 
them, we need to count the number of orbits of the automorphism group Alt(5) of I~P62 
as the latter acts by composition on the set ~- of all functions f : V = V(~P~) ~ 
with ~x c v f (x )  = n. 
Now, the identity of Alt(5) clearly fixes all the (" i  1) elements of Y.  Each of the 
fifteen elements of order 2 in Alt(5) has two doubleton orbits and two singleton orbits 
on V, so that the elements f E ~ fixed by it are in bijective correspondence with the 
4-tuples (n i, n2, n3,n4) of natural numbers with n l + n2 4- 2n3 4- 2n4 = n. Thus, each of 
the 15 elements of order 2 fixes un elements of ~ ,  where 
I 
(n--2)(n--3)(n--4) if n even, 
24 
Un---~ (n--1)(n--3)(n--5) if n odd 
24 
Each of the 20 elements of order 3 in Air(5) has two tripleton orbits on V, so that 
each of them fixes v, elements of ~ ,  where 
" -1  i f3 ln ,  
V n 
0 otherwise. 
Each of the remaining 24 elements (of order 5) of Alt(5) has one singleton orbit and 
one orbit of length five on V, so that each fixes wn elements of ,~-, where 
f if 5 X n, 
WnZ 
~J -1  i f51n .  
Now, by Burnside's lemma, the number of orbits of Alt(5) on ,~- is 
1 
60( (n - l )  4-24Wn) I 5 4- 15u. 4- 20v. ,
which 'simplifies' to the formula in (a) above. 
Clearly, the completely reducible spheres of excess 2 on n vertices are in bijective 
correspondence with the triples (nl, n2, n3) of natural numbers where 2 ~< nl ~< n2 ~< n3 
and nl + n2 4- n3 ~-n. It is easy to see that the number of such triples is given by the 
formula in (b) above. 
By Theorems 1 and 2, the number of n-vertex irreducible spheres of excess 2 is 
~-~m g(m) ,  where g(m) is the number of such spheres X for which X/~ is the cyclic 
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combinatorial sphere Cm m-4  and m runs over all odd integers in the range 5 <~m<~n. 
For each fixed m, 9(m) equals the number of patterns of width n - m on C m-4, i.e., 
it is the number of orbits of D2m = Aut (C m-4) as the latter acts (by composition) 
on the set ~ of all functions f :  V= V(Cm -4) ~ ~ with ~x~ vf (X)  =n" Each of 
the m involutions outside the centre of D2m has one singleton and (m - 1 )/2 doubleton 
orbits on V, and hence each of them fixes (L(n-l)/2J~ elements of ~m. For each (odd) 
\ (m- -  l )/2 / 
number I m, each of the tp(r) elements of order r in the centre of D2m has m/r orbits 
of length r on V, so that the number of elements of ~ fixed by such an element 
(n/r--I is zero if r J n, and it equals ~m/r-lJ if r I n. Therefore, by Burnside's lemma, the 
number 9(m) of D2m-orbits on ~m is given by 
( 9(m)= ~m m. ~ / r 
where the sum is over all odd number dividing both m and n. Therefore, adding over 
all odd m in the range 5 ~< m ~< n, we find that the total number of n-vertex irreducible 
combinatorial spheres of excess 2 equals 
21_(n_3)/2j _ 1 l~__11 1 
5 - 2 + Z h(n, r)~o(r) , (2) 
r 
where the sum is over all odd number dividing n and 
~ - -  1 ; , 
h(n,r):= ~m 7 
m 
with the sum over all odd m in the range 5 ~<m ~<n such that r Im. An elementary 
but cumbersome calculation shows that for odd r such that r I n, h(n, r) is given by 
I . 2n/r-2 if r~>5, 
1 2~/r-2 , if r=3,  h(n,r) = n - 
_ __ 1 i f r= l  ! 2"/r-2 ' ' ( "7 ' )  
n 6 
Plugging in this expression for h in (2) and simplifying, we find the formula in (c) 
above. [] 
Remark 6. (A) Since there is no irreducible pseudo-manifold of excess ~< 1, the for- 
mula (1) shows that all the irreducible pseudo-manifolds of excess ~<4 are actually 
completely irreducible in the sense that they cannot be written as joins of two or 
more pseudo-manifolds. In particular, the pseudo-manifolds counted in (a) and (c) of 
Corollary 3 are completely irreducible. 
(B) In [11], Mani showed that all combinatorial spheres of excess ~<2 are automat- 
ically polytopal. This result is essentially contained in Corollary 3 above. 
(C) Adding the formulae in (b) and (c) of Corollary 3, we recover the formula due 
to M. A. Perles (see p. 113 of [5]) for the number of n-vertex polytopal combinatorial 
spheres of excess 2. The formula in (a) of Corollary 3 appears to be new. 
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(D) It is perhaps worth remarking that the expression (1/4n)~-~r ~P(r) 2"/r, sum over 
odd divisors r of n, is an integer for n > 2. This is a little exercise in number theory. 
Remark 7. Since cyclic combinatorial spheres are easily seen to satisfy the Hirsch 
conjecture (see [7]), Theorem 2 (in view of Remark 4) implies the validity of this 
conjecture for excess ~<2. In fact, this argument shows that the Hirsch conjecture holds 
for all pseudo-manifolds X of excess ~< 2, irrespective of whether X is a combinatorial 
sphere or not. (For X = ~;Lo 2, A(X) is the Petersen graph, which has diameter = 2.) 
Actually, Hirsch conjecture is known to be true for excess ~<4, see [9]. One of the 
referees has kindly pointed out that the obvious generalization of the Hirsch conjecture 
to combinatorial spheres is false: there is a 27-dimensional counterexample in [13], 
and an l 1-dimensional counterexample in [12]. 
Remark 8. A simplicial complex is called a weak pseudo-manifold if it satifies (i) 
and (ii) in the definition of a pseudo-manifold, but not necessarily the connectedness 
condition in (iii). It is sometimes advantageous to work with weak pseudo-manifolds 
since the link of any simplex in a weak pseudo-manifold is again a weak pseudo- 
manifold - -  though the analogous tatement is false for pseudo-manifolds. It may be 
noted that Lemma 1 is false for weak pseudo-manifolds - -  in fact there is a two- 
dimensional counterexample of excess 3. However, if the property stated in Lemma 1 
is taken as the definition of the equivalence relation ~, then all the proofs in this 
paper go through for weak pseudo-manifolds. In particular, this shows that the weak 
pseudo-manifolds of excess ~< 2 are automatically pseudo-manifolds. 
Question. In [3], Brehm and Kiihnel proved that for each given e, there are only finitely 
many non-sphere combinatorial manifolds of excess e - -  in fact their dimensions are 
~< 2e-2.  Is it true that for each fixed e, all but finitely many primitive pseudo-manifolds 
of excess e are combinatorial spheres ? The results of this paper show that this is indeed 
true for e ~< 2. 
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